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Abstract 

In this paper we are begining to explore the complex counterpart of 
the Chern-Simon-Witten theory. We define the complex analogue of the 
Gauss linking number for complex curves embedded in a Calabi-Yau three- 
fold using the formal path integral that leads to a rigorous mathematical 
expression. We give an analytic and geometric interpretation of our holo- 
morphic linking following the parallel with the real case. We show in 
particular that the Green kernel that appears in the explicit integral for 
the Gauss linking number is replaced by the Bochner-Martinelli kernel. 
We also find canonical expressions of the holomorphic linking using the 
Grothendieck-Serre duality in local cohomology, the latter admits a gen- 
eralization for an arbitrary field. 
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1 Introduction 



The relation between loop groups and their central extensions, Wess-Zumino- 
Novikov-Witten (WZNW) two dimensional conformal field theories and Chern- 
Simons-Witten (CSW) three dimensional topological theories, emerged as a uni- 
fying principle among various areas in mathematics and theoretical physics. It 
has gradually become clear that the three components and the relation itself 
admit a remarkable complexification, which combines in a profound way some 
further areas in both disciplines. It was shown in JT] that the classification of 
coadjoint orbits for a new class of two dimensional current groups on Riemann 
surfaces can be viewed as a classification of stable vector bundles over these sur- 
faces. In ^21 an analogue of WZNW construction for two dimensional current 
groups was obtained by means of Leray's residue theory in complex analysis cf 

El- 

In this paper we begin to explore a complex counterpart of CSW theory. We 
consider a generalization of the simplest invariant of two curves in S 3 , namely 
the Gauss linking number, which arises in the abelian CSW theory as a cor- 
relation function of holonomy functionals corresponding to two curves. In the 
abelian case one can give a precise meaning to the formal path integral and 
derive the familiar formula for the Gauss linking number. The "complexifica- 
tion" of loop group theory discovered in ^T] and extended in leads to a 
complex counterpart of the abelian CSW path integral, which we turn into a 
rigorous expression for the holomorphic linking. Then we show that the Green 
kernel that appears in the classical integral for the Gauss linking number is 
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replaced by the Bochner-Martinclli kernel and has deep relation to the theory 
of Green currents in Arakelov geometry. The integral formula for the Gauss 
linking number leads to its topological realization as an intersection number 
and we derive its algebro-geometric analogue in the complex case. It turns out 
that the notion of holomorphic linking is related to many structures of complex 
and algebraic geometry, which can be viewed as complementary aspects of one 
unified picture. At one end the holomorphic linking is presented by the com- 
plex Chern-Simon-Witten path integral, at the other end, it is expressed via 
the Grothendieck-Serre duality in local cohomology. The goal of this paper is to 
demonstrate different realizations of the holomorphic linking and its connections 
with various structures of mathematics and mathematical physics. 

Let us now explain the notion of holomorphic linking in some detail. By defi- 
nition the holomorphic linking of two complex curves Si and S2 m & Calabi-Yau 
(CY) manifold M is a linear map on the product of the spaces of holomorphic 
differentials on Si and S2. It is no longer a topological invariant but depends 
only on the complex structure on Si and S2 and their embedding into a CY 
manifold M and not on the metric. To illustrate our notion of holomorphic link- 
ing, we consider an example of the simplest non-compact CY manifold C 3 and 
two affine curves Si and S 2 embedded in it. Then the analogue of the Gauss 
formula is the following expression for the holomorphic linking: 



where e l ^ k is the sign of the permutation k) and d\ and #2 are holomorphic 
forms on Si and S2, respectively. When Si and S2 arc complex lines we 
can compute the holomorphic linking and compare it with the "Gauss linking 
number" of two real lines in R 3 . When two lines are not parallel to each other 
the integral formulas both in real and in complex cases can be easily identified 
as follows. We pick three vectors el, H2 and such that the first two determine 
the direction of two lines and the third vector has the initial point on the first 
line and the end point on the second line. Then the Gauss integral formula 
yields ^sign(det(ei , e2, 63)) and it depends on the choice of the orientation of 
the first and the second line, but not on the order of the two lines. A similar 
computation in the complex case gives, up to a scalar multiple det(ei, e2, e^)^ 1 
< ei , 6\ >< e2 , #2 >, where 9i for i=l and 2 are elements of the dual space and 
can be viewed as 1-forms. Thus, the main information of the holomorphic linking 
is contained in the determinant. The latter degenerates when two lines cross 
each other or become parallel, and is also covariant with respect to the linear 
transformation. This elementary example indicates that the complex linking is 
the " measure" of closeness of two curves in a three dimensional complex manifold 
and is the simplest possible invariant in the complex case. This supports our 
belief in the intrinsic nature of the new invariant. 

It is a well known that the Gauss linking number of two circles in S 3 has a 
simple geometric interpretation as an intersection number of one circle with a 
disk bounded by the second one. The analytic expression for the holomorphic 
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linking number can also be written in a similar form. The new ingredients are 
the holomorphic forms B\ and 62 attached to the curves Si and £2. Instead 
of a disk with prescribed boundary circle in the real class one should consider 
a surface Si with a prescribed divisor Si in the complex case. Moreover the 
holomorphic form 81 on Si is "lifted" to a meromorphic form u>i on Si such 
that res(u>i) — 0\. See ^2] and a further generalization in [2T] and Then 
the formula for the holomorphic linking in M becomes the following 



#((SiA),(s 2 ,fl 2 ))= Y, 



lui{x) A 9 2 (x) 




where u)\{x) A 8 2 {x) € A 3 (t^'^J and rj is a holomorphic volume form 

on M. As in the real case, the invariant does not depend on the choice of the 
complex surface Si and the meromorphic form ui± . It is easy to see directly that 
when Si and S 2 are complex lines and Si is a complex plane containing Si 
the above geometric formula for the holomorphic linking yields up to a scalar 
multiple the expression det(ei, e 2 , e^) -1 (ei,9i) (e 2 ,0 2 } discussed above. 

As we have mentioned before we have derived the analytic and geometric 
formulas for holomorphic linking studying complex counterpart of CSW with a 
path integral 

J VAexp I y/^lh J ' AhdAh-q 

.40,1/^0,1 \ M 

where h is a real parameter, A° :1 is the space of (0, 1) forms on M and G ' 1 is 
the subspace of all d closed forms. Its rigorous meaning can be expressed in 
terms of the Green current for the pair (MxM,A), where A is the diagonal. 
Its existence follows from the general theory of the Green currents established 
by Gillet and Soule (see [23j) in the context of Arakelov geometry. For any 
complex subvariety Y in a projective manifold X they defined a Green current 
gY satisfying the equation 

ddgy + Sy = uJy, 

where Sy is the Dirac delta current corresponding to Y and ujy is a smooth 
closed form representing the Poincare dual of the homology class [Y] of Y. We 
use the existence of a Green current for the pair (X,Y) = (MxM,A) and then 
restrict it to U X U, where U is an affine open set in M. The comparison of the 
restriction to the explicit formula for the Bochner-Martinelli kernel on U x U 
yields the above analogue of the Gauss integral formula in the complex case. 
Similarly a Green current for the pairs (X,Y)= (M,Si) or (M,S2) can be used 
for an alternative analytic expression of the holomorphic linking. 

The holomorphic linking also admits a certain canonical expression in the 
language of homological algebra. For a complex subvariety Y in a projective 
manifold X and a top holomorphic form 9 on Y we introduce generalized notions 
of Grothendieck and Serre classes of a pair (Y,9) denoted by /z(Y,#) and X(Y,9), 
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respectively. By definition n(Y,9) and A(Y,6>) belong to ExPq (Oy, f2 x ) an d 
Ext'o^ (ly j ^x) where /y is the ideal sheaf of Y, S7 X is the locally free sheaf 
of top holomorphic forms on X, Ox and Oy are the structure sheaves on X 
and Y and d is the codimension of Y in X. This is a generalization of similar 
notions originally studied by Atiyah in [2] in the case of linking of two lines 
in a twistor space. From the definition it follows that the Grothendieck class 
always exists. The new point of our construction is the dependence of the 
Grothendieck and Serre classes on the holomorphic form 8, which is crucial for 
the existence of the Serre classes of pairs (Y,9), where Y is a submanifold in 
a projective manifold. In particular, we show the existence of the Serre class 
of the pair (X,Y) where X=MxM and Y is the diagonal embedding of a CY 
manifold M with the holomorphic form rj on it. Then the holomorphic linking 
of two curves in a CY threefold can be expressed via Yoneda pairing ( , ) of 
the corresponding Ext groups as follows: 

# ((Ei, ft) , (E 2 , &)) = (A (A, 77) | SlxS2 , M (Si x S 2) nl (9) A ir* 2 (0))) , 

where tt\ and 7r 2 are the projections of MxM to the first and the second fac- 
tor, respectively. The advantage of the latter interpretation of the holomor- 
phic linking is that it makes sense over an arbitrary field and has universal 
algebro-geometric meaning. The relation with the analytic expression follows 
from the interpretation of the Serre class A(A,?7) as an element of 7J 2 (MxM 
— A, OmxM-a), thanks to the Grothendieck duality, and then from the iden- 
tification of the local expression for A(A,?y) as a Bochner-Martinelli kernel. 
Similarly, we obtain an alternative expression for the holomorphic linking using 
the Grothendieck and Serre classes for the pairs (X,Y) = (M^Ei), or (M,E 2 ). 

We also compare our homological formula for the holomorphic linking with 
a similar expressions found by Atiyah in [2] for the linking of the two lines in a 
twistor space. In order to obtain the direct relation between our holomorphic 
linking and Atiyah's, we extend our construction by considering complex curves 
with marked points on them and restrict it to the case of two spheres with two 
marked points. 

The holomorphic linking studied in this paper has many predecessors. The 
Lagrangian of the complex counterpart of CSW theory was first proposed by 
E. Witten in |35j . He derived it as a low energy limit of an open string theory 
and argued that the theory is finite in spite of the fact that it is defined in six- 
dimensional space. We rediscovered the same theory following the analogy with 
the real case, extensively studied in relation to representation theory of loop 
groups. Other approaches to holomorphic linking were previously considered 
by Atiyah Penrose and Gerasimov U^J. In particular Gerasimov also 
suggested a path integral presentation of the Atiyah linking of two lines in a 
twistor space, which is similar to our path integral that arises in complexification 
of loop group theory We expect that the combination of the different 

motivations that lead to the holomorphic linking can be fruitful in the future 
developments in this rich new field. 

The organization of the paper by sections is as follows: 
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In Section 2 we recall a path integral derivation of the Gauss linking number 
for CSW theory, previously obtained in |2U and The derivation yields, in 
particular, a well known explicit integral formula for the Gauss invariant and 
relates it with the familiar geometric form of the Gauss linking number. 

In Section 3 we repeat the path integral derivation in the complex case and 
obtain a definition of the holomorphic linking. To make it rigorous, we use the 
theory of currents on complex manifolds. 

In Section 4 we use the existence of the Green current in Arakelov geom- 
etry j20] for the pair MxM and its diagonal A to recast the definition of the 
holomorphic linking in a more invariant form. As a result we also obtain a 
symmetric form of the holomorphic linking. 

In Section 5 we give explicit formulas for the restriction of the Green kernel 
of the diagonal on an open affine set U x U in Mx M by relating it to the Bochncr- 
Martinelli kernel. This leads to an explicit analytic formula for the holomorphic 
linking which is the analogue of the classical Gauss formula. 

In Section 6 we derive a geometric form of holomorphic linking. This is a 
direct complex generalization of the usual topological form of the Gauss linking 
number. 

In Section 7 we introduce generalized notions of Grothendieck and Serre 
classes. We prove their existence for any embedded submanifold Y into a CY 
manifold M and the diagonal embedded in MxM. Then we recast the analytic 
formulas for the holomorphic linking in the universal language of homological 
algebra. 

In Section 8 we give a definition of the holomorphic linking of two Riemann 
surfaces with marked points on them. This allows us to define the holomorphic 
linking of spheres embedded in a three dimensional complex manifolds. As a 
consequence we are able to relate explicitly our notion of holomorphic linking 
with the Atiyah holomorphic linking of rational curves in the twistor space of 
the four dimensional sphere. 

In conclusion we would like to mention some future perspectives that result 
from our work. We have seen how different approaches to holomorphic linking 
lead to equivalent definitions. However, our approach via complex CSW theory 
has one important advantage, namely, it admits a non-abelian generalization at 
least at formal level. To make it rigorous, one can try the pertributive expansion 
of the complex CSW path integral. S. Donaldson and R. Thomas obtained the 
analogue of Casson's invariant for CY manifolds in JHj > [HI] and (S3, which 
should appear as the first nontrivial term in the pertributive expansion. In 
one can find further ideas how to generalize the invariants obtained by S. Axel- 
rod and I. Singer in [3] and 0], coming from the expansion of the Chern-Simon 
functional in the complex case. Another possible approach is to find a com- 
binatorial calculus for the complex CSW path integral and its generalizations. 
Interpretation of non-abelian generalizations of the holomorphic linking in the 
context of local cohomology can be an equally important application of complex 
CSW theory. Finally we would like to note that our notion of holomorphic link- 
ing can be easily generalized to submanifolds Ni and N2 in a n-dimensional CY 
manifold M, where dimcNi + dimcN2 = n — 1. In this form it might be related 
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to the height pairing for higher dimensional cycles that was first constructed 
by Bloch and Beilinson, see 0, [Sj and 0. Other constructions related to the 
notion of holomorphic linking presented in this paper can be found in [2T] , [22] 
and |31| . 
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2 Abelian Chern-Simons-Witten Theory and the 
Gauss Linking Number 

Let Ci and C2 be two non-intersecting knots in a simply connected three dimen- 
sional real manifold M. The simplest nontrivial invariant of the pair (Ci,C2) is 
the Gauss linking number denoted by #(Ci,C2). The abelian Chern-Simons- 
Witten theory gives a path integral presentation of this invariant via a correla- 
tion function of holonomy functionals attached to the knots. See [2U] and |34| . 
We will use this presentation as a starting point of our approach and then show 
that it leads to familiar analytic and geometric definitions of the Gauss linking 
number. This point of view will allow us to produce complex counterparts of 
all classical formulas. 

Let A be the space of 1-forms on M and let Q be the subspace of exact 
1-forms on M. The abelian Chern-Simons Lagrangian has the form 



where A £ A and it is invariant with respect to translation of an element from 
Q. One defines a holonomy functional on A, called a Wilson loop, by 



for any knot C in M. The Witten invariant of a link in M with components 
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Ci, C n is given by the formal expression 

Z(M;C 1 ,...,C n )= [ T>AeS =IhC MWcM)...W c „(A)> (!) 
JA/g 

where h is a real parameter. 

Though in the general case the rigorous definition of Witten's path integral 
remains a widely open publicized problem, the explicit meaning of the above 
definition can be described in the following way: Choose in A a linear comple- 
ment Aq to Q. Then for any Q invariant functional J- on A, one assumes the 
following " gauge fixing" : 

f VAe^ hc ^T{A) = f VAe^ hc ^T(A) 

JA/G JA 

and the " quasi- invariance" : 

/ VAe^ h ^ A+Al ^(A + Ax)= [ VAe^ hC ^T{A), 
JAo j a q 

where A\ £ Ao- 

The Gauss linking number of C\ and C 2 appears if we "factor out" the self- 
linking. Namely, one has the following identity, which we will use as a definition: 

Definition 1 The Gauss linking number #(Ci,C2) is defined by the following 
formula: 

eX H^T #(Cl ' C2) J = 2(M;Ci)Z(M;C 2 ) ' (2) 

We will show by formal application of the quasi-invariance that Definition ^ 
yields a certain well-defined functional on Ci and C2 which does not depend on 
the choice of the "gauge fixing". Let us choose two forms u>\ and u> 2 such that 

Al\Ui = A for i = 1, 2. 

M Jd 

In fact, the forms lo\ and uj 2 are currents, i.e. linear functionals on the space of 
smooth 1-forms. However, by duality one can define a differential on the space 
of currents, (see ^3] and section Then it follows that u>i are exact for 

i = 1, 2. We also obtain: 

A A dA\ + [ A A dA 2 J — — ^ / A\ A dA 2 . 

M JM / 4/1 J M 
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Let us choose the real currents A\ and Ai satisfying the following relations 

dAi = uji for i = l,2. 

The currents Ai should be viewed as generalized one forms and we choose them 
in a unique way by requiring that they belong to the completion of Ao . We will 
also denote by 

dT 1 LOi = Ai 

for i = 1, 2. With the above choice of Ai and A 2 the integrand in Z(M;Ci, C-i) 
becomes constant and the right hand side of the expression in Definition ^ 
transforms to the following form: 

exp L Ai A dM ) = exp L d ~ luji A ^ • 

It is easy to check that the integral in the exponent does not depend on the 
choice of the complement Aq and is well defined. Thus, Definition ^ assumes 
the following form: 

#(Ci,C 2 )= / Ai A dA 2 . 

JM 

In order to relate it with the standard expression of the classical Gauss linking 
number we will rewrite the above integral in a different form. Let us denote 
by 6 a a Dirac current concentrated on the diagonal A cMxM, namely for any 
smooth 3-form £ on M one has 

f 7t;(oa« a = / <(0= / e, i = i,2 

JMxM JA JM 

where tti and 7T2 are the projections on the first and the second factor, respec- 
tively. 

It is well known (see e.g. [T^J, Chapter 3) that on a compact manifold M 
the cohomology theory defined by the currents coincides with the De Rham 
cohomology. We will recall the basic definitions related to currents in Section 
3.2 below. Let us choose a closed smooth form u>a which represents the same 
cohomology class as the Dirac current 5a- Then there exists a current S such 
that 

dS + 5a = wa- (3) 

The equation @ implies that the singular support of the current S is exactly 
the diagonal A, so the restriction of S to MxM — A is a smooth form, which 
we denote by Sa- 

Since the cohomology class of 5a, and therefore of wa, is the Poincare dual 
class of A, the restriction of the closed smooth form loa to MxM — A is an 
exact smooth form, i.e. 

<*>a|mxm - A = dlpA 

for some smooth form if) a- Then we introduce a smooth two- form on MxM — 
A 

(j)A = V>a - S A . (4) 
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The cohomology class of <f> A on MxM — A does not depend on the choices 
involved in the above construction. 
Now we can rewrite 

d~ 1 ui A uj 2 = J 7r* ((T 1 ^) A (w 2 ) A 6 A = 

M MxM 



TtI (d L>l\ A 7T 2 (w 2 ) A (wa — rfS) 



MxM 

7T* {d~ x u)\) A (lu 2 ) A #a - y 7T* (eT^i) A ^ (w 2 ) A dS 

iMx.\l-A MxM 

7T* (tt>l) A 7T 2 (w 2 ) A tpA - J T* ( w i) A 7T 2 (cj 2 ) A Sa = 
MxM - A MxM - A 



7T* (Wi) A 7T2 (W 2 ) A ^A = / 4>A- (5) 

MxM - A C1XC2 

Let M= S 3 = M 3 Uoo. Standard facts about Green currents imply that the form 
cj>A is given on R 3 x R 3 — A by 

, _ 1 e^ixi-yi) 



47r \x — y\ 



dxj A dyk, (6) 



where x,y € R 3 , s % ^ k is the sign of permutation (i,j,k) and we assume the 
summation over all three indexes. Thus JHJ and © imply the classical Gauss 
formula for the linking number 

#(C l5 C 2 ) = i J ^to-p dxjAdy,,. (7) 
Cixc 2 

One can also derive a topological interpretation of the Gauss linking number 
by considering a disk D\ in M with a boundary dD\ — C\ and "reversing" the 
steps in (JjjJ: 

J <M = J Oa - Sa) = 

Cixc 2 Cixc 2 

dip a —J dS = 

D1XC2 - A D1XC2 



lua- J dS= J 6 A - (8) 

D1XC2-A Dixc 2 Dixc 2 

The latter integral should be viewed as a pairing between the cohomology class 
represented by the current 6a and the cycle Di x C 2 (See Section 3.2. for details.) 
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It counts the number of the intersection points of D\ and C2 with a sign that 
depends on the orientation. This presentation provides a simple topological 
meaning of the Gauss linking number and implies its integrality properties. 

Finally we note that various forms and integrals that appeared in the above 
discussion of Gauss linking number admit a natural cohomological interpreta- 
tion. The Gauss linking number can be obtained as a pairing of cohomology 
classes with the appropriate cycles. 

In the rest of the paper we will produce complex counterparts of various 
manifestation of the Gauss linking number. 



3 Complex Counterpart of the Abelian CSW 
Theory and Holomorphic Linking 



The complexification of loop group theory developed in JT] and yields in 
particular a complex analogue of the abelian Chern-Simons-Witten Lagrangian 
and Wilson loop functional previously considered in the context of string theory 
|35| . This leads to a path integral definition of the holomorphic linking of 
Riemann surfaces in a CY threefold. We show that the formal calculation of 
the path integral gives rise to a rigorous mathematical notion of holomorphic 
linking which can be viewed as a complex counterpart of the Gauss linking 
number. 

3.1 Path Integral Definition of the Holomorphic Linking 

Let M be a Kahler manifold of complex dimension n. We recall that M is a CY 
manifold if it admits a metric with holonomy group SU(n). It is a well known 
fact that this definition of a CY manifold M implies that there exists a unique 
up to constant holomorphic n-form r\ without zeroes. See 0. Let M be a CY 
threefold and 77 be a holomorphic three form on M. Until Section [S] we assume 
that M is a compact variety. 

The Lagrangian of the complex abelian CSW theory is defined as follows. 
Let A 0,1 denote the complex space of (0,1) forms on M and let G ' 1 be the 
subspace of 9-exact forms. Then we set 



It follows immediately from Stokes' Theorem that the Lagrangian is invariant 
with respect to G ' 1 , i-e. 



for any function <p. 

For a Riemann surface S, together with a holomorphic 1-form 9 we define 
an analogue of the Wilson loop functional 




£(A + d</>) = C(A) 
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The expression in 10 is also invariant with respect to G ' 1 - We will define the 
complex version of as follows: 

« n 

Z(M;(E 1 ,0 1 ),..,(E n ,0 n )) := / £>Aexp TT W (SjA) (A), 

where as in the real case, the path integral should satisfy the gauge fixing and 
quasi-invariance. Following the analogy with the real case we now define a 
complex counterpart of the Gauss linking number. 

Definition 2 The holomorphic linking of two Riemann surfaces £1 and £2 
with chosen holomorphic forms 9\ and # 2 , respectively, is defined by the following 
formula: 

e^f^sttr buy f}))\- Z{M; ( s iA),(£ 2 ,fl 2 ))iW nn , 

6XP \-2h* ^ M (E2 ' ) ~ Z{M; VM)Z{M; (E a ,fc))- 

Let 7i 1 (S) denote the space of holomorphic differentials on E. We will show 
that for any two Riemann surfaces £1 and £2 the formal expression in Definition 
[3 gives rise to a well defined linear map which we will call the holomorphic 
linking: 

#((£ 1 ,o),(£ 2 ,o)) : H x (£i) x H x (£ 2 ) - C. 



3.2 Currents on Complex Manifolds 

In order to transform the formal definition of the holomorphic linking to a 
rigorous form, we will need to recall some basic facts about currents on a complex 
manifold X. For more details see j!4j . 

Let X be a compact Kahler complex manifold of complex dimension n. We 
will denote by A p,q (X) the vector space of C°° complex valued forms of type 
(p,q). The space A m (X) of complex valued C°° m- forms is given by 

A m {X)= ffi A p ' q {X). 

p-\-q—ra 

We denote by 

d:A p ^(X)^A p+1 ^(X) 

and 

d: A p > q {X) -> A p ' q+1 (X) 

the Dolbeault differentials. 

Let D m denote the dual space of A m {X) with respect to the standard Frechet 
topology. We also denote by D p ^ q (X) the dual space of A p ' q (X). We define 
D p ' q (X) as D n ^ p , n ^q(X). For any X there is a natural inclusion 

A p ' q {X) c D p ' q {X). 
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In fact, to each form lu G A p ' q (X) we can associate a continuous functional on 
A n -P' n ~i(X) by the formula: 

(lo, a) = lo(cx) := / lu A a 
Jx 

for any a G A n - p > n - q (X). 

The differentials d, d and d act on the spaces D m (X) and D p ' q (X) in a 
natural way by extending the action on the subspaces A m {X) and A p ' q (X), 
respectively. From Stokes' Theorem we have: 

(u,da)= [ lu Ada = (-l)™" 1 f duo A a 
Jx Jx 

for any a G A 2n - ,n (X) and lu G A m (X). So we define duu for any w G D rn {X) 
as follows 

(dw,a) := (-I)" 1 " 1 (w,da) 

for any a G A 2n ^ m ^ 1 . In the same way we start with the actions of 9 and d on 
the everywhere dense subspaces 

A p - q (X) c L> M pO 

and then we define 3lu and 8lu respectively for any lu G D p ^ 1 ' q (X) or w G 

(aw, a) := (oj,da) 

and 

(aj,a) := (-l) p+g - 1 (w,aa) 

for any a G ^4™-P' rl ^9. A current lu G D p q (X) is 9 closed if and only if for any 
d exact form da G ^4™~ P '" -9 (X) one has 

(u,da) = 0. 

Similar characterization is valid for 9-closed currents. 

Definition 3 i. Let Y be a complex subvariety in a projective variety X. We 
define a current 5y corresponding to Y via the integration pairing: 




where lu is a smooth form on X. In particular, the Dirac kernel S/\ of the diagonal 
embedding of M is a current of type (n, n) on MxM, dimcM= n, such that 5a 
is zero on Mx M — A and 

(<5a, a) = / q|a 
JacMxm 

for any smooth form a of type (n, n) on Mx M. 
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ii. Let X and Y be as above, such that X is CY, dimcX= n, dimcY= 
n — m. We define the Dirac antiholomorphic current 9y of type (0, m) on X 
corresponding to the holomorphic n — m form 9y on the subvariety Y as follows: 
Let (3 any smooth form of type (n, n — m) on X, then 




Y 



The holomorphic Dirac kernel 9y is defined in a similar manner. In particular 
the antiholomorphic Dirac kernel rj A is a current of type (0, n) on MxM such 
that: 

for any C°° form [3 of type (2n, n) on MxM, where ni and TT2 are the projec- 
tions of MxM on the first and the second factor, respectively. Since the current 
rj A is supported on the diagonal its definition does not depend on the choice of 
the projection. 

For any p dimensional complex subvariety YcX we define the Green current 
gy € DP- 1 'P- 1 (X) such that 

ddgy + Sy = LUy, (12) 

where u>y is some closed C°° (p,p) form representing the Poincare dual class 
of [Y]. The existence of the Green current with only logarithmic singularities is 
one of the key result in Arakelov geometry (see |3(J| ) . 

We will use two basic facts from the theory of currents. We can define both 
Dolbeault's and De Rham cohomology using currents instead of C°° forms. The 
basic theorem, due to Whitney, asserts that on compact smooth manifolds De 
Rham or, in the complex category, Dolbeault's cohomology are isomorphic to 
De Rham or Dolbeault's cohomology obtained from currents. (See Chapter 5 
in 53-) Also according to Hormander (20j we can define the exterior product 
a A/3 of two currents as another current, if the singular supports of the currents 
a and {3 are disjoint as sets. 

Since currents represent De Rham and Dolbeault cohomology classes thanks 
to the theorem of Whitney we will sometimes denote their pairing with homology 
classes by the integral, e.g. 

fa 

Y' 

where Y CX is another subvariety in X of complimentary complex dimension 
to Y. In particular, that is the precise meaning of the formula (JHJ for the Gauss 
linking number. 

Proposition 4 For a pair (S, 9), where S is a Riemannian surface in the three 
dimensional CY manifolds M and 9 is a holomorphic form on S, the antiholo- 
morphic Dirac current 9^, is d exact current of type (0, 2) and 

9 S = dA, (13) 
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for some current A of type (0,1) with a singular support on E. 

Proof: Since M is a CY manifold then any closed (0, 1) form [3 is an exact 
form. Let f3 = df A rj on M. Then Stokes' theorem implies 

(S S) dfAri)= [ 0Adf= [ d(/0)=O. 

Therefore the antiholomorphic Dirac current 8s is d and d closed. From the 
theorem of Whitney, and since H 2 (M, £1 3 ) = for a CY manifold, we obtain 
that the antiholomorphic Dirac current 9^ is a d exact current of type (0, 2) on 
M. Thus holds for some current A of type (0,1). It follows from Definition 
[3l of the antiholomorphic Dirac current Oy. and 1|13|) that the singular supports 
of the currents A and dA are on E. Proposition 0] is proved. ■ 



3.3 Definition and Properties of Holomorphic Linking 

We will use some formal path integral computations to find explicit formula for 
the expression in Definition [21 in the complex case following the exposition in 
Section 2. We define A 0,1 as the space of (0,1) forms on M and G ' 1 as the space 
of d closed (0,1) forms on M. As in the real case we choose a complement to 
G 0,1 which we call A^' 1 . For any invariant functional F on A 0,1 with respect to 
G ' 1 we assume that 



/ ^0,1/00, 



VAexp (y^lh£(Aj) F(A) = J f ^VAexp (<^lh£{A)) F(A). 



and for A\ G A®' 1 



b. / VAexp (y/—lh£(A + At)) F{A+A X ) = / VAexp (<J=ihC{A)) F{A). 

The conditions a and b imply that we have the following expression for the 
formula (fTUj) : 



Z(M,(E 1 ,0 1 ))Z(M,(E 2 ,0 2 )) r \2h 



M 



where A\ and A2 are forms in Aq' 1 defined in Proposition ^corresponding to Ei 
and E2, respectively. Now we can give a rigorous definition of the holomorphic 
linking. 

Definition 5 The holomorphic linking between two curves Ei and E 2 with two 
holomorphic 1-forms 0\ and 82 on them is defined by the formula: 

#((E 1 ,0 1 ),(E 2 ,0 2 ))= / A 1 AdA 2 Ar ) , (14) 

J M 

where A\ and A2 are currents in »4q 1 defined by in Proposition^ for the 
pairs (Ei,0i) and (E 2 ,0 2 ), respectively. 
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The integral in l|14l) makes sense since A\ and (M 2 have disjoint supports. 
This follows from the definitions of A\ and A2 and since Si n E 2 = as in the 
real case. Substituting the expression for A\ and dA 2 from Proposition ^ and 
the Definition of antiholomorphic currents (0i) s we obtain the first explicit 
expression for the holomorphic linking 

#((E 1) e 1 ),(E 2 ,e a )) = 




It is easy to check the following properties: 

Proposition 6 i. The holomorphic linking does not depend on the choice of 
the complement Aq' 1 . 

ii. The holomorphic linking is symmetric: 

# ((£ x , 6 X ) , (E 2) a )) = # ((S 2 , 2 ) , (E x , 0{)) . 

iii. $ ((Ei, 0\) , (E 2 , 2 )) is linear in 9\ and 62- 

4 Green Kernel and Symmetric Form of Holo- 
morphic Linking 

Now that we have a rigorous definition of the holomorphic linking, we might try 
to express it in a more invariant form following the analogy with the real case. 
In Section 2 we derived the Gauss kernel for the linking number using the Green 
kernel for the exterior derivative operator. In order to obtain a similar formula 
for the holomorphic linking, we first show the existence of the analogue of the 
Green kernel of the operator d, which can be viewed as a complexification of 
the exterior derivative in the real case. 

4.1 The Cohomology Groups of Zariski Open Varieties 

N 

Let Xo = l)Cj be a divisor with normal crossings in a projectve variety X.The 

i=i 

groups of the cohomology of the variety X — X can be computed as the coho- 
mology groups of the de Rham log complex A*(X, log (Xo)). 

Definition 7 i. We will say that a form uj on one of the components Ci of 
Xq has a logarithmic singularities if for each point 

ze C io n...nC ik 
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and some open neighborhood U C X of the point z we have 

u\u = aA^ A...A^S (16) 

where a is a C°° form in U and z io x ... x z ik u and z io x ... x z ik dio are smooth 
forms in U . Xq (~)U is defined by the equations 

z h x ... x z lk = 

in U. 

ii. We define the de Rham log complex with the standard differential as 
follows: 

-4*(X ,log (X )) 
= {lo e C°° (X — X Q , fi*) \lo and duj are C°° forms 

on X — Xq which have log singularities along Xq}. (17) 
By using the Poincare residue map Deligne proved the following: 

Theorem 8 The cohomology of X — Xq are equal to the cohomology of the De 
Rham log complex „4*(Xo,k>g (Xq)). 

For the proof of Theorem [S] see ^H] . 

4.2 Basic Definitions and The Existence Theorem 

Let M be a CY of complex dimension n. We will normalize the holomorphic 
n-form rj as follows: 

(-l)^H)" / »?Aij=l. (18) 
Jm 

According to the Theorem of Gillct and Soule stated in Section 3.2, for each 
closed form of type (n, n) that represents the Poincare dual of the homology 
class of the diagonal A cMxM in H2 n (MxM,Z) there exists a Green current 
5a of type (n — l,n— 1) with a logarithmic growth along the diagonal A in 
MxM such that 

ddgA + $a = ua, (19) 

where <5a is a Dirac current of A and oja is a C°° form on Mx M which represents 
the same cohomology class as the current 5a- From the fact that the singular 
support of the Dirac kernel is A and the equation (|19fl we can conclude that 
the restriction of the current gA on MxM — A is represented by a smooth C°° 
closed form of type (n — 1, n — 1). 
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Proposition 9 Let hi be an affine open set in M. Then we have the following 
presentation for the restriction of to a on hi x hi 



ua\uxU = dipA, (20) 

where ipA is a smooth form of type (n,n — 1) on hi x hi. Moreover the form 
4>A has singularities of the type described by 1J6|I along the divisor which is the 
complement of hi x hi in Mx M. 

Proof: It is a standard fact that for any coherent sheaf 5 on the affine set 
hi x hi we have H k (hi x hi, 5") = for k > 0. Since oja is a closed form of type 
(n, n) representing the Poincare dual class of the diagonal A in H n (MxM,Z) its 
restriction on hi x hi is a non zero element of H n (hi xU,Z). On the other hand 
uia is a closed form of type (n, n) and thus it is d closed. Thus its restriction on 
hi x hi is an element of H n (U xU, 51"). Since Vt n is a coherent sheaf the restriction 
of u>a on hi x hi is a d exact smooth form of type (n, n). Thus oja\uxu = dipA, 
where ipA is a smooth form of type (n,n — 1) onW xW. Since u>a is a smooth 
form on MxM then according to Theorem[S]the restriction of oja on hi xU can 
be represented as a cohomology class of the de Rham log complex (fTTjl . Thus 
we can choose Va to have singularities of the type described by (fTp|> along the 
divisor which is the complement of hi x hi in MxM. Proposition is proved. ■ 

According to Proposition E0 the C°° form ( A \ is of type (0, n - 1). It 
is non zero and it is well defined on hi x hi. We will show that the integration 
of any smooth (2n, n + 1) form f3 on MxM with this form defines a current on 
MxM, which we denote by d (tJa), namely 

r '<^' 8 >= / <21) 

UxU-A 

Theorem 10 The current d (JJa) * s we ^ defined and it does not depend on 
the choice o/^a and hi. 

Proof: Let j3 be any (2n, n + 1) smooth form on MxM. First we will show 
that the integral l|21l) does not depend on the choice of ipA when we fix the affine 
open set hi. To prove that the current d (j)a) is well defined it is enough to 
show that 



UxU-A 



A (22) 



converges. So we need to prove that the integral (|2*2f converges. In fact the 
integral 

d9A A/3 (23) 



MxM— A 
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converges since the current gA has a logarithmic growth along A. See [30]. The 
integral 

j fi(i) 

MxM-A 

converges since according to Proposition [5] ipA is a smooth form on 14 x IA and 
it has singularities along the complement of IA x IA in MxM described by l|16(l . 

Thus we proved that d (tJa) defines a current on MxM. 

Next we will verify that the current d (tJa) does not depend on the choice 
of -0a ■ Indeed if we choose , A vo.Uy.IA with logarithmic singularities along the 
complement of IA x 14 in MxM such that 

dip A = dip a =u\ UxU 

then 

5(V a -</>a) =0. 

Thus the class of cohomology of O^'a ~ on 14 x 14 is zero. In particular the 

singularities will cancel in 0<Pa ~ V'A^j • Thus OtpA — 'AaJ = d(f>, where cf> is a 
smooth form defined on MxM. So 

/ (4?T-4KW= / rff4rA^=0. (24) 

UxU x 7 MxM 

Suppose that IA\ is another affine open set in M. Since IA\V\IA is an affine set 
and the complement of IA\ PI IA in both of the affine open sets has measure zero 
then by repeating the arguments that we used to prove (|24(l will show that 

UxU-A WixWi-A 

Theorem 1101 is proved. ■ 

Corollary 11 The form ^7^ A is ad closed form of type (0, n-1) on MxM-A 
and it defines a class of cohomology in H^~ 1 (MxM—A,OmxM-a)- 

Remark 12 We would like to note that since the cohomology class ofrj^ is non 

zero one can not define d (j)a) * n a straightforward way. We hope that our 
notation would not lead to a possible confusion. 

We will call the current d 1 (j}a) the Green kernel of the operator d, and we 
will often use the same notation for its defining C°° form in 121(1 . 
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4.3 Symmetric Form of Holomorphic Linking and Com- 
plex Linking Number 

From now on we will suppose that Si and S 2 are Riemann surfaces embedded 
in a CY threefold and Si n S 2 = 0. 

Theorem 13 Let us consider the embedding Si x S2 cMxM. Then the follow- 
ing formula holds: 

#((Si,0i),(S 2 ,0 2 ))= / (^faOlkx^A^OATrSffe). (25) 

JS1XS2 V 7 

Proof: We can rewrite the holomorphic linking in the following form: 
#((SiA),(S 2) 2 ))= / d' 1 fa) ) A(9 2 ) Ar) = 



MxM 



<5a A ttJ (d 1 ((0i) Sl )) A tt* ((5 a ) Ea A 77) • (26) 
Substituting in 12611 the expression for the current <5a stated in (|19|l : 

/ cja - <9<9gA " 



<5a = 71-1(77) A 
where 



wa|mxm-a = dtjjA 

and the is a form representing the Poincare dual class of A, we obtain that 

#((Si,0i),(S 2 ,0 2 )) = 

/ u>a — ddgA 



MxM 



^ 1 (<((ei) Si Ar7)))A 7 r 2 *((e 2 ) S2 A77 



V 7r*(r/) 

a (jr 1 (»; (pOj, a >,))) a (p 2 ) a ) . (27) 



MxM 



7T* (7?) 



From Stokes' Theorem we obtain 

#((Si,0i),(S 2 ,0 2 )) = 

5z T A 7 r 1 *((0 1 ) Ei A77)A 7 r 2 *((0 2 ) S2 A77 



MxM — A 
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The antiholomorphic Dirac currents , (^2) Sa and 77 a have disjoint singu- 

larities sets. This fact guarantees that the current (jtl ((^ 1 )si)) ^"2 ((^ 2 )s 2 ) 
is well defined. Thus the convergence of all integrals is established. Finally using 
the formula (|21|) for d (va) an( i the definition of the antiholomorphic Dirac 
currents 7rJ ( (#i) Si J and ((#2) S2 ) we deduce from that 

#((£i,0i),(E a ,0a)) = 




Thus we established formula 125|) . Theorem 1 131 is proved. ■ 

Corollary 14 The holomorphic linking does not depend on the choice of the 
representative of the current d (^a)- 

Proof: The corollary follows directly from Stokes' Theorem. ■ 
The expression of the holomorphic linking given by Definition[S]and Theorem 
1131 can be viewed as complex counterparts of the corresponding expressions 
for the Gauss linking number reviewed in Section 2. The essential difference 
between the two notions is that in the real case we obtain a topological invariant 
while in the complex case our linking map depends on the way the Riemannian 
surfaces are embedded in the CY manifold M and the choice of holomorphic 
forms on them but does not depend on the choice of the metric on CY manifold 
M. 

The comparison of our holomorphic linking and the Gauss linking number 
suggests an alternative definition: 

Definition 15 The complex linking number of two Riemann surfaces £1 and 
Yj2 embedded in a CY threefold such that £1 H £2 = is defined by the formula: 

#(£i,E 2 )=/ (T 1 (rj A )) A (d- 1 (77a)) , 

where rj is normalized by condition 

Simple examples show that the complex linking number contains less infor- 
mation than the holomorphic linking. It is an interesting question to find a 
relation between the two invariants. 



21 



5 Analytic Expression of Holomorphic Linking 



In this section we will give an explicit integral formula for the holomorphic 
linking. It can be viewed as a complex counterpart of the Gauss formula for 
the linking number. The key ingredient of our formula is an expression for the 
Green kernel d (rJ A ) in terms of the Bochner-Martinclli form of type (n,n-l). 
The letter form written in affine coordinates is precisely the classical Bochner- 
Martinelli form that yields a generalization of the Cauchy integral formula. 
It turns out that it finds another application in the integral formula for the 
holomorphic linking. 



5.1 Bochner-Martinelli Kernel 

Let U be an affine open set in Zariski topology of the CY manifold M. Let 
z 1 , z n be local coordinates in U such that restriction of the holomorphic n- 
form r\ on IA is expressed as: 

T) \u = dz 1 A ... A dz n . 

Let 

$j(z) := (-I)'" Vdz 1 A ... A dz j - x A dz 3+1 A ... A dz 11 . 
Following 14 Chapter 3 we will define the Bochner-Martinelli kernel on 

UxU - A u , A u :=UxUnA, 

by the formula: 



r n,n-i _ C n (j: , ; =1 Mw-z)A{dz 1 A...Adz n ) 

^uxu — I, i,2n ' y 6V ! 

\\w — z\\ 

C n is the volume of the unit 2n — l dimensional sphere, {w k } and {z k } are local 
coordinates inWxW such that 

t^*i{v)\uxu = dw 1 A ... A dw n , ^* 2 {ti)\ u -ku = dz 1 A ... A dz n , (31) 

and 

El 



\w-z\\ 2n = T\w k ~z k \ 



\k=l 

It is proved in Chapter 3 of Jl] that on U x U — An the forms A^,'™^ 1 of 
type (n, n — 1) given by the expression H3U|) are d and so d closed, i.e. 

d {^UxU 1 ) \uxU-Au = d \K%ixuJ \uxU-Au = °- ( 32 ) 

Let T e (A) be a tubular neighborhood of the diagonal A in MxM. In [T4] 
Chapter 5 it is proved that the limit 

1™ J Kixu 1 ^^ 

d(T E (A)nUxU 
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exists. The form KJy™ u l defines a current on MxM as follows 

KiZuiP) : =]™ / ^wx^A/?, ( 33 ) 

UxU - (T E (A)nUxU) 

where /3 is any smooth form of type (n, n + 1) on MxM. Based on Stokes' 
theorem and ()33[1 we can compute the current 

d [iHtxu ) = d { lc uxu ) 

on MxM as follows 



{ dK u'"u 1 > LU ) = { dJC vixu 1 ' u )=^ i J K uxu 1 A w (34) 

d(T s (A)nUxU 

for any smooth form w of type (n, n) on MxM. 

Theorem 16 Let M be a CY manifold. Then we have the following equality of 
currents: 

di^uxu 1 ) = s a\uxu (35) 
for any affine open set U in M. 

Proof: In order to prove Theorem 1 161 we need to prove that for any smooth 
form uj of type (n, n) on M we have 

lim J ^ulu 1 Au = J u = Ju. (36) 

d{T e (A)nUxU Ua A 

Since d (jC^^y 1 J = on U X U— (Ua ) we have the following equation of currents: 
d (fux^ A u) = d (k%£) A - + (-l) 2 "" 1 ^ 1 A = 

Adu,. (37) 

Let us denote (U x U) C\T e (A) = T e (Au). Formula ((23 and the Stokes' Theorem 
imply 

dfcuxu 1 Au} ) 

UxU - T C (A U ) 

K,^ u 1 Adu = - J KZ&Aw. (38) 

UxU-T t (A u ) d(TAA u )) 

We notice that d(T £ (A) n U x U is a fibration of 2n — 1 spheres over Ua- Since 
w is a form of type (n, n), then when we restrict it to the diagonal we will get 

w|a = </>(w) (r/ A rj) 
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for some C°° function <f>(w). Now we may apply the Fubini theorem and rewrite 
the integral in l|38|) as follows: 



/ 



i^n,n-l . 



( 



d(T E (A)nUxU Wa 



^IC 1 \vArj. (39) 



\J| z — w || — A 



The expression in i|39|) makes sense since in [21 Chapter 3 paragraph 1 it is 
proved that if in the expression of the Bochner-Martinelli kernel given by (|30fl 
we substituted z — Wq then 

^)^uxu = (40) 



for any continuous function <f>. Using the representation of the restriction of w 
on A together with (|39|l and (|40f> we get formula (|36|l . Theorem 1161 is proved. 
■ 

We define 



= Cn ^t~ z) (41) 

\\w-z\\ 

and we call ICy^y 1 the holomorphic Bochner-Martinelli kernel. We have the 
following formula 

^7u^M=Kllu (42) 



"UxU 

J 

UxU - (T E (A)nUxU) 



The form /C^'™^ 1 defines a current of type (0,rt — 1) on MxM as follows 



K%Zu >0)-to% / Kuxu A A (43) 



where /3 is any smooth form of type (2n, ri + 1) on MxM. 

By using formulas l|42() , (|43() and by repeating the arguments of the proof 
of Theorem II fil we obtain 

Theorem 17 Let M be a CY manifold. Then we have the following equality of 
currents: 

difc-uxu 1 ) =Va\uxu, (44) 
where rj A is the antiholomorphic Dirac kernel defined in Definition 

Remark 18 Instead of the equation (jjgjl we could consider the holomorphic 
analogue of (3): 

dS+rj A =uj A , (45) 

where loa is a smooth form on Mx M which realizes the class of the current 77 A . 
Then the holomorphic Bochner-Martinelli kernel represents a solution S of \4b^ 
on MxM- A. 
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5.2 The Holomorphic Analogue of the Gauss Formula 

Now we are ready to reexpress the formula for the holomorphic linking estab- 
lished in Theorem 1131 for the complex linking number introduced in Definition 
El using the Bochner-Martinelli kernel. This gives us the complex analogue of 
the Gauss integral formula for linking number. 

Let Ei and £2 be two Riemann surfaces embedded in a CY threefold M such 
that 

£in£ 2 = 0. 

Let U be an affine open set in M, then U fl Si are affine open sets in £j, i.e. 
U H Ei are the Riemann surfaces Ej minus finite number of points. Suppose 
that 81 and (9 2 are two non-zero holomorphic forms on Ei and E2. We also may 
assume that 

#1 |wnsi = fi(w)dw and 2 |wn£ 2 = h{z)dz. (46) 
Next we will derive an explicit integral form of the holomorphic linking: 
Theorem 19 The following formula holds: 

#((Ei,0i),(£ 2 ,&)) = C 3 / K^l u (f 1 (w)dw)A(f 2 (z)dz) 

i(«nS!)x(«nS 2 ) 

f (ELi*i (*-<")) A (fi(w)dw) A (f 2 (z)dz) 
C3 / A : L ~ 3 , (47) 



(WnEi)x(wn£ 2 ) 



where IA is any open affine subset in M, C3 is the volume of the unit sphere in 
C 3 and the coordinates inlA x U are chosen as in (j^if) . 

Proof: According to formula (|28fl we have: 

#((£l, 00,(22,02)) = 



/ 



MxM-A 



tpA ~ <9ff A 
Tl*(»?) 



A^f^Ai)) A7r 2 *((0 2 ) Ea A7,), (48) 

where ^Aand <7a are defined as in Section 4.1. Since the complement to the 
affine set U in M has measure zero, we can rewrite the formula (|48|l as follows: 

#((E 1 ,0 1 ),(E 2 ,0 2 )) = 

(^r) A nl ( ( ^ A ") A ^ (@°* A • (49) 



UxU - A, 



Comparing the equality (|49|l with the equality of Theorem ^] we can sub- 

-3,2 



stitute the current ipA — <9<?a with the Bochner-Martinelli kernel ICy^u smcc 
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their derivatives restricted onMxW give the Dirac current Sa of the diagonal 
restricted onWxW and we get 



#((Ei,fli) J (E a ,e a )) = 

/ A (fa) El A »?) A TTj ({9 2 ) A ry) = 

*%lu A A ^. (50) 

(«nSi)x(«ns 2 ) 

Substitituing the expression for the holomorphic Bochner-Martinelli kernel (|41fl 
and the local expressions for 0\ and # 2 in l|46|) we obtain 

#((S 1 ,^),(E 2 ,e 2 )) = 
(ELi*^"™)) A (fi(w)dw) A (/ 2 (*)«fe) 



C", 



3 

(Wn£i)x(Wn£ 2 ) i- ' -"' |2 



(e;=iI^-H : 



Theorem 1191 is proved. ■ 
In the same way we prove. 

Corollary 20 T/ie following formula holds: 

3 



#(E 1 ,E a ) = C 8 / 



> 3 

(wns!)x(wns 2 ) / 3 



2 



The formulas of Theorem ^| and Corollary [2U] suggest that we can define 
holomorphic linking for non compact CY manifolds. In the case of C 3 we can 
choose the holomorphic form r\ to be dz 1 A dz 2 A dz 3 . In this case the formula 
for the holomorphic linking becomes the complex version of the Gauss formula 
in R 3 as it appears in the Introduction. 



6 Geometric Interpretation of Holomorphic Link- 
ing 

In this section we will give a geometric interpretation of the holomorphic linking, 
which is a direct complex generalization of the usual topological definition of the 
Gauss linking number of two knots in K 3 . We will derive the geometric formula 
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using the integral form of the holomorphic linking via the Green kernel. The 
derivation is parallel to the real case but it also uses the Leray residue theory 
as in ^21- The explicit formula of Theorem 1231 was communicated to us by B. 
Khesin. 

6.1 Meromorphic forms with Prescribed Residues on Rie- 
mann Surfaces 

We will suppose that the Riemann surfaces Si and S2 are of genus > 1 embed- 
ded in a CY threefold M and 

Sins 2 =0. 

Let us fix two non-zero holomorphic forms Bi on each of E^ for i = 1, 2. Accord- 
ing to PP we can always find a very ample non singular divisor Si containing 
Si since 

dime Si < — dime M. 

Proposition 21 Let Si be a non-singular hypersurface section of Mc CP m 
which contains Si, then there exist a holomorphic two form u>i on Si with a 
pole of order one along Si such that Leray 's residues of u>i on Si is equal to 6\. 

Proof: We have the following exact sequences: 

- n\ -> n 2 Si (so r A s 14 - 

and 

0^H° {S lt n 2 Si )^H (S lt Sl 2 Sl (Si))^ s 

-^(Ex.ny -^H 1 (s 1 n 2 Sl ) (51) 

where (Si) is the locally free sheaf of holomorphic two forms on Si with a 
pole of order 1 on Si. In order to deduce Proposition [21 we need to prove that 
H 1 (Si n|J = 0. The definition of a CY manifold implies that #i(M,C) = 
and so by the Lefschetz Theorem (see ^2]) we conclude that H±(Si,C) = 0. 
Then the Poincare duality implies that H 3 (Si,C) = 0. Hodge theory implies 
that H 1 (5i,Q|J = 0. So the map 

h° (s^l (so)^f° (Ex.ny-o 

is surjective. Proposition 12 II is proved. ■ 

Proposition 22 Suppose that we can represent Si as 

Sin £2 = Ei, (52) 

where Si and S2 are non-singular hypersurface sections on M . Then there exist 
a meromorphic three form r\i on M with poles of order one along Si and S2 such 
that the double Leray residue of r\i is equal to 0%. 
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Proof: We have the following exact sequences: 

o -> nUSz) ^n 3 M ®o M (ft) ® o M (ft) r ^ n 2 Si (ft) -» o 

and 

o -> #° (m, ngjCSi)) (m, ngj ® o M (ft) ® o M (ft)) r " 

r A s flf (ft,n^(S a )) ff 1 (M,^(ft)) -> ... (53) 

Since ft is a hypersurface section of CY manifold M, we can conclude from the 
Kodaira vanishing Theorem that: 

tf^M^Cft)) =0. (54) 
Combining (|53|) and l|54p. we deduce that the Leray's residue map: 

h° (m, ® o M (ft) ® Om (ft)) ™ s #° (ft, n| x (ft)) 

is surjective. This fact combined with Propositionl21limplics Propositionl22l ■ 

From now on we will consider curves on CY threefold M which are repre- 
sented by (J52). 

6.2 Geometric Formula for Holomorphic Linking 

Now we will express the holomorphic linking of (£i,#i) and (£2,6*2) as a sum 
of residues of certain meromorphic one form over the intersection points of ft 
and £2. In 21] and [221 the expression (|55fl is interpreted via polar homologies. 

Theorem 23 Let u>i be a meromorphic two form defined as in Provosition \21\ 
such that 

res Sl uJi = 61 
Then the following formula is true: 

HPi,<k),fr,<h)) = £ (55) 



where u x {x) A 6 2 (x) e A 3 (t^) 



— 12 a;,M- 



Proof: Let T E (£i) be a tubular neighborhood of £1 x £ 2 in ft x £ 2 . From 
the definition of Leray's residue and formula l|25|l we deduce that 



#((Ei,0i),(53 2 ,0 a ))= / ^ (d X fa A )) An*(0i)ATr* 2 (d 2 ) = 

-' Si x S2 

(a _1 (^ A )) A 7T? ( Wl )A 7^(02), (56) 



lim 



aT e (S!)xs 2 
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where dT e (Ei) is the boundary of T e (Si) in Si. Stokes' Theorem implies that 



lim 



aT e (S!)xs 2 



(d 1 (7J A )) A7rI(«i)A7r5(fl 2 ) 



s, xH 2 - A WW/ 



Si x£ 2 WC^)/ 

7rJ(o;i) A7t|(0 2 ) wi(x)A$ 2 (x) 

Theorem 1231 is proved. ■ 

One can also deduce an alternative version of the formula (|55(l using mero- 
morphic three forms rji and 772 with poles along Si and S2 constructed in Propo- 
sition |23 Then the ratio ^ is a meromorphic section on M of the line bundle 
Cm (5*i ) which we restrict to £2 and multiply by the holomorphic form 62- The 
result is a meromorphic one form 

V J 

whose residues at x € Si H £2 are precisely the values 

A 6> 2 (a;) 

7j(x) 

This implies 

Corollary 24 Lei 771 &e a meromorphic two form defined as in Proposition ^® 
Then the following formula holds 

#((£iA),(£ 2 ,0 2 )) = ]T resJ^\ s Ae 2 . (57) 

£ceSin£ 2 ^ ^ ' 

We can explore the symmetry of the holomorphic linking and represent the 
other Riemann surface £2 as an intersection of two surfaces. Then we obtain 
another version of formulas l|55ll and (|57|l using the meromorphic "lifts" of 82 
instead of 9%, 

Theorem [221 and Corollary [31 are the complex analogues of the geometric 
form of the linking number of two knots in K 3 . In the real case we took a disk 
whose boundary is one of the knots. We counted the number of points of inter- 
section of the disk with the other knot taking into account the orientation. The 
linking number of two knots is the intersection number just described. In the 
complex case, instead of a disk, we took a complex surface which contains one of 
the original curves. They summed again over points of intersection of the surface 
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with the other curve weighted with the natural ratios of the forms associated to 
the geometric objects involved in the construction. Since we always recover the 
same holomorphic linking, the geometric realization in the complex case also 
does not depend on the choice of the complex surface and the meromorphic two 
form with prescribed residue. 

7 Cohomological Interpretation of Holomorphic 
Linking 

In this section we will reformulate the analytic expressions for the holomorphic 
linking in the language of homological algebra. The homological interpretation 
of the analytic formulas for the holomorphic linking is based on the notions 
of generalized Grothendieck and Serre classes /i(Y,0) and X(Y,9) of subvariety 
Y in a projective variety X together with top holomorphic form 6 on Y. Our 
definitions of Grothendieck and Serre classes are generalizations of the similar 
notions introduced by Atiyah in |2J. The Grothendieck class (i(Y,9) always 
exists by definition. We will prove the existence of generalized Serre classes 
for the embedding of a submanifold Y in a CY manifold M and the diagonal 
embedding of M into MxM. Then we derive homological expressions for the 
holomorphic linking using the Yoneda pairing. These expressions make sense 
over arbitrary field. They should be related to the height pairing in and 
[S] . We will also illustrate why the original Atiyah's notion of Grothendieck and 
Serre classes can not be used in our setting. We will start with the calculation 
of the local cohomology of the diagonal embedding and we will recall some basic 
facts from the general theory of local cohomology; a more detailed account of 
the theory can be found in JS], ^5] an d [T§| : 

7.1 Local Cohomology of the Diagonal 

The key property of the local cohomology is the existence of the analogue of the 
Mayer- Vietoris exact sequence, namely, let T be a sheaf on a complex manifold 
X and Y be a closed submanifold, then the local cohomology groups Hy(X, T) 
will satisfy the following exact sequence: 

— » H k ~ 1 {X 1 T) — > H k ~ l (X - Y,T) ^ fl£(X,JF) -> H k {X,T) -» 

The boundary map 5 in the exact sequence can be interpreted as an "explicit" 
construction and a generalization of distributions of "boundary values" of sec- 
tions of the coherent sheaf T . 

One of the main results that was proved in JHj is that the local cohomology 
groups are related to the functor Ext. The computation of the local cohomology 
group H*- X {X,T) is done by using the following spectral sequence: 

First we define the sheaf of extensions in a standard way for any two coherent 
sheaves J- and Q on X 17 . We will denote this sheaf by Ext l 0x (Q, J 7 ) and 
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its global sections by Ext % 0x (Q, J 7 ). Then we define the sheaf fCyiT) as the 
following projective limit: 

HUD =limExt^JO„ v .D (58) 

n 

where O n ,Y = Ox/Iy and Iy is the ideal sheaf in Ox that defines Y. According 
to PZj Exp. I page 9 and Exp. II page 2 spectral sequence with the initial term 

E™ = H P {X,H Y {D) 

converges to H Y +q (X,T). 

The following theorem can be found in |25|: 

Theorem 25 Let M be a non singular algebraic manifold. Let A cMx M be the 
diagonal. Let I a be the ideal sheaf of the diagonal, then Ia/I& is isomorphic 
to the cotangent sheaf and, moreover, 

ii/ii+^sHiA/ii) 

is a locally free Omxm/Ia module. 

We will use this fact to establish the following: 

Theorem 26 Let M be a Calabi Yau manifold and let Tm be the tangent bundle 
of M, then 

H°(M, S k (T M )) = H°(M,S k (n M )) = 

for all k > 0. 

j»;m , 

Proof: When k = 1 Thcorcml26lfollows from the isomorphism Tm ~ f2 M . 
Thus we have 

H°(M,T M ) = -ff°(M,n M - 1 ). 

The definition of a CY manifold implies that H°(M, fl 1 ^ 1 ) = 0. Thus H°(M, T M ) = 
H°(M,fi M ) = 0. 

Bochner's principle for the Ricci flat Kahler metric implies that if <fi is any 
holomorphic tensor on a CY manifold, then it is parallel with respect to the 
Levi Cevita connection with respect to Yau's metric. (See jj].) We also know 
from [7] that for a simply connected CY manifold the holonomy group of the CY 
metric is SU(n). These two facts imply that the globally defined holomorphic 
symmetric one forms are obtained from the SU (n) invariant k symmetric tensors 
at one point by parallel transportation. So we have the following equality: 

S k (C n ) su W = H°(M, S k (T M )) = #°(M,S* fc (ft M )). 

Since S k (C n ) su(n) = 0, we conclude from Theorem EHI that 

H°(M, S k {T M )) = fl°(M,S fc (nJj)) = H°{M x M, I A /I A +1 ) = 
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for k > 1 .Theorem 1261 is proved. ■ 

Next we will compute some local cohomology groups that will be needed 
in the construction and the cohomological interpretation of the Green current 
associated with subvarieties. By the definition (1581) : 

Ka (Cm x m ) =\j mExf lI ^(O^a.Omxm), 
k 

where Ok, a ■= Omxm/^a an d is the ideal sheaf of A cMxM. 

Theorem 27 H 1 a {0 M xm) = for i ^ n and H a (0 M xm) + 0. 

Proof: Let U be an open affine set in MxM. We will prove by induction on 
k that we have: 

M„ xm (Omxm//a-0m x m) = (59) 

for i y^z n and 

M MxM (Omxm/1a,Omxm) ¥= 0. (60) 

The diagonal A CMxM is a smooth algebraic variety. Therefore it is a local 
complete intersection in MxM. This we have 

Oa = Cmxm/(/i, fn) 

where A is locally defined by the regular sequence fi, ...,/„ of analytic functions 
in Omxm by 

fl = .» = fn = 0. 

In Chapter 5 " Residues" , paragraph " Kozul Complex and Its Applications" of 
[T^) it is proved that for any regular sequence (/i, / P ) in the local ring On of 
any complex manifold N we have: 

I4 N (W,.,/ P ),0 N ) = { 0n/(/i o '- ,/p) ]^ p p ■ (61) 

Thus we proved and i|5U)l for k = 1. 

In order to proceed with the induction on k, we assume that (|59fl and (|6L)fl 
are true for k — m. The following exact sequence: 

— ► Ia/Ia +1 ~^ Cmxm/^a +1 — * Cmxm/^a* — * 
implies the long exact sequence: 

■•• ^MomxmPmxM^a^Mxm) -'^Omxm^Mxm/^'.Cmxm) -> 

-^M^ m W +1 .Om x m)-... (62) 
Since by Theorem 1251 /" / 1" + 1 is a free Oa module, we obtain from 

{jm I rm+l ■ _ 
o J?" • (63) 
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From the induction hypothesis, l)63|) and the long exact sequence (16211 . we can 
deduce (|59|l and l|60|) for any k. Thus Theorem 12 71 follows from the definition of 
the sheaves H^(Omxm) given by .■ 

Corollary 28 The following formula 

H (MxM,E3^ My JIZ/lZ + \O MxM )) = 

^LmK/^^Omxm) = (64) 
holds for k < n and m > 0. 

Proof: Formula l|63|) implies Corollary [2H1 for k ^ n — dimcM. Thus (|64f> is 
proved for any k ^ n. 

Suppose that k — n. Formula (|63[) , Theorems and |2HI imply that for 
m > 

Ext n OMxM (IZ/I% + \OM.M) = H°(Mx M,£^ MxM (/a//a +1 .Omxm)) = 

ff°(MxM,OT +1 ) = 0. (65) 
So Corollary [2^1 is proved. ■ 

Theorem 29 H^(MxM,0 M xm) = for k ^ n and dimcH\(Mx M ,0 mx m) = 
1. 

Proof: ByTheorem|2Il2iA(C , MxM)=0for (7 ^ 0. Therefore H%(MxM,Omxm) = 
for k ^ n. 

According to ,1? -ff^(MxM,0MxM) is obtained by the spectral sequence 
with a first term E%' q = H p (MxM,7f A (0 U xu))- Thus we have for p + q = n 

E™ = HP(M x M^UKOmxm)) =>H£(Mx M,0 M xm)- 

From Theoreml27land the definition of the cohomology group iJ^(MxM, Omxm) 
by the spectral sequence we get that 

HUM x M,Omxm) * H°(M x M,7£1(Omxm)) ^ 

~H° |MxM,linLEx5 MxM (0„ xM /(/A) fc I 0MxM)| . 

Thus the n th local cohomology H^(MxM, Omxm) is the inductive limit of Cech 
cohomologies 

IjrnH (MxM,&S MxM (Omxm/(/a)\Omxm)) . 

k 
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In ^7] in Exp. II it is proved that 

H° (m x M,^Ext£ MxM {o M xu/(lA) k ,Omxm 

limtf (M x M,Ext£ MxM (Omxm/(/a)\Omxm)) 

k 

Thus we have the following isomorphism: 



Hl(M x M,0 M xm) = limtf (M x M, Ext £ MxM (0 MxM / (I A ) ,Omxm) 

(66) 

Lemma 30 The natural restriction maps 

H (MxM,Exto MXM (<O Mx u/ (Ia) W ,Omxm)) -> H {MxM,Ex^ MxM {O M x m/ {Ia? ,G MxM )) 

are isomorphisms. Thus the following formula is true: 

dim c ff°(Mx M,Ex£, Ux JO MxM / (/a)\Omxm)) = 1 for k > 0. 

Proof: The proof of Lemma I3U1 is by induction. It is based on the following 
long exact sequence of sheaves: 

— * Ex£q m x m (Om xm/JvOmxm) — > ^Omxm (^mxm/^ +1 i ^mxm) — > 



- ^t& MxM (/ A /4 +i ^MxM) -> 0. (67) 
From Theorem 1251 states that 



M)h x m(4/ J A +1 >°Mxm) - I a/ I A +1 - 

From E3) we have: 

H°(M x M,fet» MxM (/i/4 +1 ,OMxM)) = 

H°(M x M, = H°(A, S*(Q A )) = H°(M, S*(0^)) = 0. 

Combining this fact with the exact sequence (|67|l we obtain that: 

H°(M x M,Exto Mx JO MxM /li,0 MxM ) = 

H°(M x M,^£ Mx J0 M xm//£ +1 ,0mxm)) (68) 
for > 1. The isomorphism 

^S M x M (°mxm(W)/Ja,Omxm(W)) Omxm(W)//a, 
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implies that 

dim c ff° (M x M,Ex]% MxM (Omxm//a,Omxm)) = 



dime H° (M x M, Omxm//a) = dim c H° (A, O a ) = dim c H° (M, O m ) = 1. 

(69) 

Lemma I5UI follows directly from JBSJl with (JHU- ■ 

Theorem 1291 follows from the isomorphism (|66|l and Lemma l3"Ul ■ 

Corollary 31 H^(MxM,0 M xm) « ^o MxM (Omxm//a,Omxm) « C . 

Proof: Corollary 1311 follows from the proof of Lemma QUI and the definition 
of iJ£(MxM,0 M 

From the Grothendieck duality it follows that ExtQ M (Omxm/^a, Omxm) 
can be identified with the restriction of the space of antiholomorphic n forms 
on MxM on the diagonal A. Thus from the definition of the local cohomology 
it follows that H%(MxM,Omxm) is generated by jj a . 

7.2 Definition of the Grothendieck and Serre Classes 

Let E — >X be a vector bundle over a complex manifold X of a complex dimension 
n. Serre showed that the pairing 

H p (X, E) x H n ~ p (X, E^Q^^C 

given by the integration over X of the corresponding pointwise pairing of the 
cohomology classes is nondegenerate. 

Let J 7 , H and Q be three coherent sheaves on X. The Yoneda product 

Ext p jT,G) x Ext q 0x (g,H) Ext p + x q (T,H) 

is defined in a natural way by the composition of long exact sequences. It is a 
well known fact that if T is the sheaf of holomorphic function on X denoted by 
O x , then 

Ext p (O^T)~H' p {X,T). 
Grothendieck proved that the map 

H p (X, T) x Ext n p {T, ill) -> H n (X, O x )«C (70) 

given by the Yoneda pairing is non-degenerate. This pairing is called the 
Grothendieck duality. 

If £ is a locally free sheaf, i.e. £ is the sheaf of sections of a vector bundle 
E — >X, then Grothendieck's duality implies Serre's duality by using the following 
isomorphism 

Ext n Q p {£, O x ) w H n - p (X, £* ® O x ). (71) 
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Indeed by (|7Ujl 

Ext^ p (£,ni)^HP(X,£y. (72) 
On the other hand we know that 

H P (X,S)* « H n - p (X,£* ® H^). (73) 

Combining and JT^I we get dTTJ . 

For any submanifold YcX of codimension m, we will denote by 7y the ideal 
sheaf consisting of functions vanishing on Y. Then the definition of the sheaf Iy 
implies that the quotient sheaf Ox/Iy is naturally identified with the structure 
sheaf Oy extended by zero on X — Y. 

Let (Y,0) be a pair, where Y is a submanifold in X of codimension m and 
9 is a holomorphic n — m = dimcY form on Y. By applying the Grothendieck 
duality twice one can deduce that 

H°(Y, Q^~ m ) « (Ext n l m (OY,0 Y ))* ~ExfS x (0 Y , (74) 

Thus 174|) defines a canonical isomorphism 

M : H (Y,W Y - m )^Ext% x (O Y ,ni). (75) 

Definition 32 We define the Grothendieck class /i(Y,9) of the pair (Y,ff) in X 
as the image of 

9 e H°(Y,n™~ m ) 

under the canonical map [i. 

Proposition 33 The Grothendieck class /i(A, tt^ (tj)\a) can be canonically iden- 
tified with the class of the antiholomorphic Dirac current 7y A given by Definition 
□ 

Proof: From the proof of Lemma 001 it follows that there exist canonical 
identifications: 

for k > 0. According to Corollary I31lthe following canonical identification 

Ext^ MxM {0 A ,0 M xM) = Hl(M x M,Omxm) 

exists and by Theorem 1291 

dim c Ext n 0m/M {O a , Omxm) = dim c H%(M x M,0 M xm) = 1. 

At the end of Section 7.1. we identified the generator of ^(MxM,Omxm) with 
the class of the antiholomorphic Dirac current rj A . Thus the Grothendieck class 
/z(A, 7rJ (77)) can be interpreted as a local cohomology class and in particular it 
can be identified with the class of the antiholomorphic Dirac current rj A . ■ 

Since the Grothendieck class /x(A, tt\ {t])\a) does not depends of the pullback 
of the holomorphic form rj on MxM we will denoted it by /i(A, 77). 
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Remark 34 The definition of the Grothendieck class (J,(Y) of a subvariety Y 
in an algebraic variety X given by Atiyah in '21 differs from ours. When we 
replace the holomorphic form 9 E H°(Y, fiy~ m ) by 1 E H°(Y,Oy) we will get 
the Atiyah definition of the Grothendieck class 

n(Y)eExtZ x (Cl n y- m ,n n x ). 

In particular fJ,(A) can be identified with the Dirac current 8 A . 

Now we will define the Serre class X(Y,6) of a pair (Y,9) in X. The definition 
of the Serre class X(Y,9) is possible under the assumption that the coboundary 
map 

rf m _! : Exf£-\I Y , n£) -> Ext% K (0 Y , Q x ) (76) 
resulting from the exact sequence 

-► I Y -> Ox -> Oy -> 

is an isomorphism . 

Definition 35 Suppose that Y is a non singular subvariety in the projective 
smooth variety X and suppose that the map <5 TO -i of ]7b\ is an isomorphism. 
Then 

A( Y,9): = d-l, ( M ( Yfij) E Ext m -\l Y , fi£). 
is uniquely defined. We will call \{Y,9) the Serre class of the pair (Y 7 9) in X. 

We will prove the existence of the Serre class A(A, 77) of the diagonal in Mx M 
for the CY manifold M as an element of Ext 1 ^^ m (^a,0Mxm) by establishing 
the isomorphism (fTHf) for A cMxM for the sheaf ^m xM ~ Cmxm- 

Theorem 36 Let M be a CY manifold of dimension n. Then we have the 
following canonical isomorphism: 

S n . ! : Exi n ~l m (I A , M y. m) - Ext£ Mx u (O a , M y. m) ■ (77) 

Proof: The proof is based on the following long exact sequence: 

- E xto^\ M (0 M xM,0 M xM) -> Exf^ xM (I A ,0 M xM) ^ Ext% MxM (0 A ,G u 

— > Ext(y MxU (OMxM, OmxM) — *• ExtQ UxU (I A ,OMxM) ~ » ^o|, xM (Ca, Cmxm) 

(78) 

From the Grothendieck duality we obtain 

EiioMxM^MxM, Omxm) = # fe (M x M,0 M xm) , 

for k > 0. The definition of the CY manifold and the Kunneth formula imply 
that for < k n we have 

H Mx m(°mxm,Omxm) = H k (M x M,Omxm) = 
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= H p (M,0 M ) ® (M,0 M ) = 0. 

p+q=k 

Thus from (|78fl wc obtain: 

-» B^ 1 ^ (7 A , Omxm) ^ ^& MxM (Oa, Omxm) ^ B^ MxM (Omxm,Om 

(79) 

We will prove in Proposition 1371 bellow that the map i n in (|79|l is zero. Then 
Theorem 1361 follows immediately. ■ 

Proposition 37 The map 

i n : ExtQ MxM (OA,0 M xM) — > ExfQ MxM (OMxM, M xm) 
in the long exact sequence \7l% is the zero map. 
Proof: Let us consider the long exact sequence 

... - H n -\M x M - A, Omxm-a) V 77a(M x M,0 M xm) ^ 

^ H~(M x M, G MxM ) ^ff"(MxM-A, Omxm-a) -> ... (80) 
From l|8(J|l we can conclude that we have 

-> 7Z"™ _1 (M x M — A, Omxm-a) V 77£(M x M,0 M xm) ^ 

^ 7f"(M x M, Omxm) ^ff"(MxM-A, Omxm-a) - (81) 
We will need the following Lemma: 

Lemma 38 TTie map i n in the long exact sequence is the zero map. 

Proof: It is easy to see that i n is the zero map if and only if r n is an 
isomorphism. We will prove that r n is an isomorphism by contradiction. 
The map r n is induced by the restriction map: 

r:MxM— >MxM — A. 

According to Theorem 1291 

dim c Hl(M x M, Omxm) = 1. (82) 
From the definition of CY manifold and the Kunneth formula we derive that 

dim c H n (M x M, C M xm) = 2 (83) 

and H n (MxM, Omxm) has a basis 7r^ (77) and 712(77). If we assume that r n is not 
an isomorphism, then (|82|l . Q83JI and 1)81(1 will imply that 

dime 77 n (M x M — A, Omxm-a) < 1 (84) 
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Formula (|84|) means that on M x M — A some linear combination air'l (rj)+P^2 (v) 
for a, [3 € C will represent zero. So the holomorphic n form air\ (r)) + $"k\ (77) will 
be an exact form on MxM — A. So on MxM— A there exists a holomorphic 
n — 1 form u>(n — 1,0) such that 

an* (rj) + f3ir* {rj) = d (w(ra-l,0)) . (85) 

Let U be an affine open set in M. Thus the restriction of the holomorphic n — 1 
form u(n-l,0)onWxW - (WxWflA) can be represented as follows: 

u(n-l,0)= fi P ,J q ( z ' w ) dzI[ ^ d w J \ 

I p ,J q ;p+q=n—l 

where (z x , z n , W 1 , w n ) are local coordinates in U xU, 
I p = i p ) for < i\ < ... < i p < n, 

Jq = (jl, -Jq) for < jl < ... <jq<U 

and // j (z, w) are holomorphic functions in U x U— (U x U fl A) . Since A has a 
codimension n > 3 in MxM, the Hartogs principle implies that the holomorphic 
functions fi p ,j q (z, w) are well defined onWxW. Thus ui(n — 1,0) is a well defined 
holomorphic n - 1 form on MxM. This implies that H n ~ 1 (MxM, Omxm) ^ 0. 
This fact contradicts the definition of a CY manifold. Thus the assumption that 
r„ is not an isomorphism leads to a contradiction. Lemma 1381 is proved. I 

The end of the proof of Proposition |37| Theorem |2H1 implies that 
there exists a canonical isomorphism 

H%(M x M, Omxm) « Ext n 0myM (Oa, Omxm) . 

The Grothendieck's duality implies that 

£ri"o MxM (Omxm, Omxm) « H n (M x M, MxM ) 

are canonically isomorphic. From the properties of the local cohomology as 
stated in J7| and Grothendieck duality it follows that we have the following 
commutative diagram: 

Bi! *Omxm Pa.Omxm) ^ Ext O M xM (^MxMj Cmxm) 

II II ■ (86) 

ff£(MxM,0 M xM) ^ F'(MxM,0 M xm) 

The commutative diagram (|86|) and Lemma |2H1 imply Proposition 1371 H 

Corollary 39 The Serve class A(A, rj) of the diagonal exists. 

Proposition 40 The restriction of the Serre class A(A, 77) on an affine open 
set U x U in Mx M can be identified with the holomorphic Bochner-Martinelli 
kernel K^yM defined by formula . 
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Proof: The Grothcndicck duality yields the commutative diagram 

H^J^a.Omxm) V &« MxM (Oa,Omxm) 

II II • (87) 

H^iM x M - A,Omxm-a) ^ H%(M x M,0 M xm) 

Propositionl33limplies that we can identify the Grothendieck class /i(A) with the 
antiholomorphic Dirac current 77 A by using the ismorphism bewteen Ext^ M (Oa, Omxm) 
and J ff£(MxM,e> M xM) in Theorem IT71 and Theorem HH1 imply that the 

restriction 5~\(rj A ) on a Zariski open set U x U in MxM can be identified 
with the holomorphic Bochner-Martinelli kernel K^j^u -From the definition of 
the Serre class A(A, r\) = ^"^(/^(A)) and the commutativity of the diagram 
{HZJl Proposition HOI follows directly. ■ 

Remark 41 One can show that the Serre class corresponding to the Grothendieck 
class /x(A) as defined in Remark \34\ does not exists. In fact it is not difficult to 
see that 

Li(A)eHZ(MxM,n n MxM ). 

We remarked that the Grothendieck class /u(A) can be identified with the Dirac 
current 6 a • Thus it follows that in the exact sequence: 

- H n -\Mx M- A,n n MxM ) ^ HZ(MxM,n n MxM ) * 

^H n (MxM,n n MxM ) r ^H n (MxM-A,n^ xM )^0 

the map 

HI (M x M, n n Mx M )^H n (Mx M, Sl n Mx M ) 

is non zero since L n {5 A ) — [u>a], where [a; a] represents the Poincare dual class 
of the diagonal. Thus Theorem \2iA imvlies that the map: 

H n -\Mx M-A,Q n MxM ) ^ Hl(Mx M,n n MxM ) 
is the zero map. This implies that the map 

E^OaL m ' m) — * B^Omx m (^ Mx M ' ^Mx Af) 

is the zero map. Thus the Serre class A(A) of the diagonal does not exist. 

Next we will show that the Serre class of the pair (Y, 9) , where Y is a 
submanifold of codimension m embedded man dimensional CY threefold M 
and 9 is a holomorphic n—m form on Y is well defined on M. From the definition 
of the Serre class of the pair (Y, 9) in a CY manifold it follows that we need to 
check that the coboundary map <5 m _i in (|76|l : 

d m . x : ^(/y.Om) -» Ext% M (0 Y ,0 M ) (88) 
is an isomorphism. 
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Proposition 42 Let X be a compact Kdhler manifold such that 

H k (X,O x ) = for < k < dim c X = n. (89) 
Then S m -i defined by (|#&fl is an isomorphism. 

Proof: Proposition 1421 follows from the long exact sequence: 
... - Ext%~ l {O x ,O x ) - Ext™-\l Y ,Ox) -> ^^(Ox/Zy.Px) -» Ext^{O x ,O x ) 
associated with the exact sequence: 

I Y -► Ox -> Ox//y = Cy 0. 
In fact the Grothendieck duality and the condition (|89|l imply 

Ext™~\O x ,O x ) = H m -\X,O x ) = Ext$ x (O x ,O x ) = H m (X,O x ) = 

for < to < 71. Proposition 1421 is proved. ■ 

Thus Propositionl42l guarantees that the Serre class of the pair (Y, 9) is well 
defined on a CY manifold M since for CY manifolds condition (|89(l holds. In 
particular we see that if (E, 9) is a pair of a Riemann surface embedded in a CY 
threefold and 9 is a holomorphic form on E, then the Serre class A(E, 6) and the 
Grothendieck class /i(E, 9) are well defined on CY threefold M. 

Suppose that Yi and Y2 are two submanifolds of complex dimension toi and 
TO2 in a CY manifold M such that 

dime Yi + dim^ Y 2 = dime M — 1 



and YiHY2 = 0. We will define the restriction of the Serre class A(Yi,#i)|y 2 as 

in 

("ll-l/ 



an element of Ext^ 1 1 (Oy 2 , 0y 2 ) as follows; Any element of 



a&Ext^-"{I Yl ,0 M ) 

corresponds to an exact sequence of length mi — 1 consisting of Om modules 
with the first one being isomorphic to Om and the last one to I Yl ■ The condition 
Yi(~lY2 = implies that the ideal sheaf I Yl when restricted on Y2 will be the 
structure sheaf Oy 2 and thus we have two restrictions map 

Pi ■ Wi -* Cy 2 and p 2 ■ O m -> Oy 2 ■ 

Since the maps p\ and p 2 are surjective then the exact sequence of length mi — 1 
corresponds to the same exacts sequence tensored with Oy 2 and we will get a 
natural map 

r mi _i : Ext^-\I Y ,0 M ) - Exf^-\0 Y2 ,0 Y2 ). 
Then we define 

A(Ki,fli)| Ya = r mi _i(A(Y 1 ,0 1 ))- 



41 



7.3 A Homological Interpretation of the Holomorphic Link- 
ing 

Proposition 43 Let Y be a smooth subvariety of codimension m in CY man- 
ifold M which is represented as the intersections of M with m hyper surf aces. 
Then 

H y \M,O m ) » Ext% M (OY,G M ). 

Proof: The proof of Proposition 021 is based several Lemmas: 

Lemma 44 Let Y be a subvariety in a CY manifold M of dimension m. Then 
we have 

Exf OM (I k Y /I k +\O M ) = 

for j < m. 

Proof: Since Y is a smooth variety in M then Y is a local complete inter- 
section in M. Thus we can apply l|tjl|) to conclude 

for j < m. Lemma E4l is proved. I 

Lemma 45 We have the following isomorphisms 

Exm M {GM/I k Y + \0 M ) « Exto M (0 M /I Y , Om) (90) 

for k > 0. 

Proof: From the exact sequence 

o -> i y /i y +1 -» o M /4 +1 -» Om/4 -» o, 

the associated long exact sequence: 

- - M) M (Om/4,Om) - ^, m (Om/4 +1 ,o m ) - ^ 0m (/ y /4 +1 ^m) - 

(91) 

and Lemma EJ] (190(1 follows directly. Lemma @3 is proved. ■ 
Corollary 46 Ext^JOul L Y ,Q M ) = /or < j < m and k > 0. 

Lemma 47 H 1 y (Om) — /or i ^ m and 

2£y(Om) = 0jf/(/i, ...,/ n _ m ), 

where Y is locally defined by fi = ... = f n —m = 0. 

Proof: The proof of Lemma 03 follows directly from the definition of the 
sheaves 7£y(Cm) given by l|58|l , the result stated in that 

Ext ™ M (Om/ Iy, Om) = M /(fi, ■■■,fn-m), 
Lemma E51 and Corollary Ej3 Lemma E7I is proved. ■ 
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Lemma 48 We have W ( Y,I Y / L Y +1 ) = for < j < m and k > 0. 

Proof: The conditions that Y has a codimension m and Y can be repre- 
sented as the intersections of m hyperplanes with M imply that the dual of 
the normal bundle is direct sum of line bundles of the type 0m( — n-i) where 
rii > 0. This fact combined with the fact L Y /I Y +1 is the symmetric k power of 
the conormal bundle of Y in M and Kodaira vanishing Theorem imply Lemma 

EH ■ 

Proposition 1431 follows directly from long exact sequence: 

... -> Ext' JO M /L Y ,0 M ) -> Ext^JO M /I Y +\0 M ) -» Ext> JI Y /I Y +1 ,0 M ) - 

(92) 

Lemmas H 1431 1471 EE51 and the definition of H™(M,Om)- ■ 

Proposition 1431 implies that the Grothendieck class /z(Y,(9) of (Y,0) can be 
interpreted as a local cohomology class in H Y {M.,Oyi), 

Proposition 49 Let Y be a submanifold of CY manifold M of codimension m. 
Let 9 be a holomorphic n — m form on Y. Then there exists a natural identifi- 
cation of the Grothendieck class /i( Y, 9) with the Dirac antiholomorphic current 

e Y . 

Proof: The definition of the Grothendieck class /u(Y, 9) and Proposition 1431 
imply that 

H(Y,0) e Ext% M (0 Y ,0 M ) = H^{M,O m ). 

From here it follows that we can repeat the arguments in the proof of Proposition 
1331 to conclude Proposition 1491 ■ 

Proposition 50 Let 

\{Y,9) g Ext%-\l Yi O M ) 

be the Serre class of the pair ( Y, 9) where Y is an intersection of M with d 
hypersurfaces and m —codimc Y. Then we have the following isomorphism: 

Exi%- l {0 M - Y , M - y) » H m -\M- Y, M - y). (93) 

Let r be the restriction map composed with the isomorphism Ijff.'jjl 

r : Ext^ilY, O m ) -> Ext™' 1 (0 M - y, Om- y) « H m ~ 1 (M— Y, M - y). 

Then we have the following expression for the Serre class A( Y, 9): 

r(\(Y,9)) = d~ 1 (9 Y )- (94) 

Proof : We will recall that according to the Grothendieck duality and since 
M is a CY manifold we have 

Ext p {Om, O m ) = H p (M,O m ) = (95) 
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for < p < n. From the long exact sequence ()92[) for k = 1 and l|95|) we can 
conclude that we have the following isomorphism: 

ExeSZ\lY,OM) ^ Ext% u (0 M /I Y ,0 M ), (96) 
The long exact sequence 

... H y (M,O m ) H k (M,0 M ) -► H k {M-Y,0 M -y) -► 
combined with l|95|) give the following isomorphism: 

H TO - 1 (M - Y,O m ) ^ ff?(M,0 M ). (97) 
According to Proposition 1431 

Ext% M (0 M /lY,0 M )~H¥(M,0 M ). (98) 
From l|98|) , <|96|) , (|97|) and the commutative diagram 

Ext^iW^u) ^ Ext%JO M ,0 M ) 

i I (99) 

H m -\M- Y,O m ) ^ H?(M,O m ) 

we can conclude that the map 

r : Ext^- x {I Y ,0 M ) -> ^'(Om-y^m-y) « iT^M-Y, O m _ y ) 

induced from the restriction map I Y to M— Y is an isomorphism. Formula ()93|l 
is proved. The definition of the Grothendieck class implies that 

/x(Y,0) G fotS M (0 M //Y,0 M ) ~ ^ l (M,G M ). 

The definition of the Serre class A(Y, 6) of a pair (Y, 6) and l|99|l imply that 

A(Y,0) G ^^-^/y.Om) « ^ m - x (M - Y,O m ). 

Now from here and Proposition [§7| we get formula l)94|) .■ 

Proposition 51 There exists a canonical pairing 

( , > : Ext k OM (0 Y ,0 Y ) x Ext™- k (Oy,0 M ) - C. 

Proof: Yoneda product defines a pairing 

( , ) : £x4 M (0 Y) Y ) x Ext n OM k (0 Y: M ) - £^ m (0 y ,0m). (100) 

By Grothendieck duality Extfe (O y , Cm) is canonically isomorphic to the dual 
of 

Ext OM (O Y ,O M ) = H (Y,O Y ) 
which is canonically isomorphic to C. Proposition 15 II is proved. I 
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Theorem 52 Since M is a CY threefold we know that 

Areola G ExtbjO^OvJ and/i(E 2 ,0 2 ) G Ext 2 OM (0^0 M ). 

Let 

(A(Ei,fli)| Ea ,MS2,0a)) 
6e i/ie pairing defined by Provosition \51l Then we have the following formula: 

# ((Ei, X ) , (E 2 , 2 )) = (A(Ei, ei)| Ea ,M(Ea, &)) • 
Proof: Since 

A(£i, 0i)|s 2 G fe^ M (0 S2 ,0 S2 ) and/i(E 2) 2 ) G B4 m (Oe,Om) 

by PropositionsElOISniwe can identify A(Ei, 0i)|e 2 an d A*(E 2 , #2) with d 1 (#£1) 
and /i (#£ 2 ) ■ According to Grothendieck the Yoneda pairing is the same as the 
Serre pairing which is just integration. See |17j . The proof of Theorem 1521 
follows directly from the analytic formula ()15JI for the holomorphic linking. ■ 
The condition Si n £2 — implies that Si x £2 H A = thus we get that 
-f|sixs 2 — CsixE 2 - From here we conclude for that the Serre class 

A(A,77)| SlxS2 € ^ MxM (0 SixS2 ,0 SixS2 ). (101) 

The Grothendieck class /x(£i x E 2 ,7r*(#i) A ^2(^2)) of the pair 

(Si x S 2 ,<(0i) A7r 2 *(02)) 

is an element of Ext%> uxM (C Sl x£ 2 , Omxm), i-e. 

M (Si x E 2 ,7Ti(0i) Att^)) G ^ MxM (0 EixE2 ,0 M xm). 
Yoneda pairing 

( , ) : ExtQ MxU (Os lX s 2 ,Os lX j: 2 ) x Ext 0uxU (Os lX j: 2 , M xu) -> 

->H MxM (0 SixE! ,Omxm). (102) 
defines a non degenerate pairing since by Grothendieck duality 

-Ea;io MxM (0£ix£ 2 , Omxm) ^ # (Si x S 2 ,0£ lX £ 2 ) = C 

Next we will give a homological algebra interpretation of Theorem 1131 

Theorem 53 The following formula holds 

#((Ei,0i),(£ 2 ,&)) = (A(A,r?)| SlxS2 , M (Si x E 2 ,<(0 1 ) Att 2 *(0 2 ))). (103) 
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Proof: According to Corollary 0U| the restriction of A( A, 77) on the prod- 
uct U x U of an afhne set U in M can be identified with the holomorphic 
Bochner-Martinelli kernel Thus we can identify the restriction of the 

Serre class A(A, 77) on (Si x £ 2 ) C\U xU with the restriction of the holomor- 
phic Bochner-Martinelli kernel on (Si x £2) <~)U xU. Proposition 1491 implies 
that the Grothendieck class jit(Si x E2,7rf(#i) A 713(02)) of the pair (Si x 
S 2 , 7r*(0i) A 7r 2 (^2)) can be identified with with the antiholomorphic Dirac cur- 
rent (7T*(0i) A ^2(^2) ) ■ We pointed out above that the Yoneda pairing is 

the same as the Serre pairing which is just integration. Formula (|103fl follows 
directly from the above described identifications of the restrictions of the Serre 
class and the Grothendieck class, the interpretation of the Yoneda pairing as 
integration and formula l|47|l in Theorem 1191 Theorem 1531 is proved. ■ 

One can generalize formulas (|47|l and (|55|l and Theorems [52 [53] for the pairs 
(Yi,#i) and (Y2,#2) of submanifolds Yi and Y2 in a CY manifold M of any 
dimension such that 

dime Yi + dime Y2 = dime M — 1 
and Y1IHY2 = to define their holomorphic linking. 

8 Generalizations of Holomorphic Linking 

In this section we would like to establish an explicit connection between our 
holomorphic linking and the one studied by Atiyah. Atiyah arrived at his for- 
mula for holomorphic linking by considering the twistor transform of the Green 
function of the Laplacian. Thus he only defined linking of spheres while our 
definition makes sense for curves with genus greater than zero. Also the twistor 
space is never a CY space required in our approach. Thus in order to include 
the Atiyah holomorphic linking in our picture, we need to extend further our 
construction. 

8.1 The Holomorphic Linking of Riemann Surfaces with 
Marked Points 

We would like to generalize the holomorphic linking of two Riemann surfaces in 
a CY manifold to the case of Riemann surfaces with punctures. Let 

(Sj;pi, ..,p mi ;6i), i = 1,2 

be two Riemann surfaces with m, marked points on them embedded in a CY 
threefold M and let 9i be meromorphic forms on Si with poles of order at most 
one at pi, ...,p mi . We will assume as before that 

Sins 2 = 0. 

We can define the holomorphic linking of 

(Eijpi, ...,p mi ;9i) 
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in any of the equivalent ways considered above with appropriate modifications. 
For example, the definition of the holomorphic linking via the Green kernel is 
defined as follows: 



where Di e are the union of disks with radius s around the marked points 
Pl, ....p mi with fixed local coordinates. We denote the limit as before by 



Repeating the arguments in the proof of Theorem 1231 one can also derive the 
geometric formula for the holomorphic linking of the punctured spheres 



where u)\ is a meromorphic 2-form on the complex surface S\ containing Si, 
whose residue on T, 1 is 6\. 

One can also generalize the notion of holomorphic linking to the case when 
M is not necessary CY manifold. In the general case a holomorphic form r\ does 
not exist and we have to fix a meromorphic three form. In certain cases, (for 
example, when M is a Fano variety) we can uniquely fix a meromorphic 3-form 77 
by prescribing its poles along a given hypersurface HcM whose homology class 
represents the first Chern class of M . 

Another generalization of the holomorphic linking of Riemann surfaces in an 
arbitrary complex manifolds can be obtained by considering still holomorphic 
forms 6\, 82 and r\ but coupled with a line bundle. The simplest example of this 
sort is the linking of two spheres in a three dimensional projective space. In this 
example one can consider unique up to a scale holomorphic forms 6\, 62 and 77 
with values in natural line bundles. Then the holomorphic linking becomes a 
well defined number depending only on the embeddings of the Riemann surfaces. 

In fact the two generalizations of the holomorphic linking of Riemann sur- 
faces in CY manifolds are closely related when the holomorphic forms are re- 
placed by holomorphic forms with values in the line bundles on Si, S2 defined 
by the fixed points. Thus the we can replace the holomorphic form 77 on M 
with a meromorphic form with a simple pole along some divisor and Oi can be 
replaced by meromorphic forms with values in the trivial bundle. In particular 
the example of the linking of two spheres in the CP 3 with natural line bundles 
correspond to the holomorphic linking of two spheres with two marked points 
embedded in CP 3 and the poles of meromorphic three form is determined by 
hypersurface consisting of four hyperplancs in general position. In the next sub- 
section we will consider this example in a more general context of twistor spaces 
first studied by Atiyah in 0. 



#((Si;pi, ...,p mi ;9x), (S 2 ;pi, ...,p m2 ; 6 2 )) 
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8.2 Relations with Atiyah's Results on Linking of Ratio- 
nal Curves in Twistor Space 

In [5] Atiyah discovered a version of holomorphic linking while studying the 
twistor transform of the Green function of the Laplacian. In order to express 
his result in an invariant form he used the Serre classes of the pairs 

A c M x M 

and 

E, C M, 

i = 1,2, where M (denoted by Z in his paper) is the twistor space of a compact 
four-dimensional manifold N with a self dual metric, and Ej are rational curves 
that appear as the praimages of the points of N in M in the twistor transform. 
If N is a spin-manifold, there is a natural holomorphic line bundle L on M such 
that 

T~ A » O 3 
■ L/ — s 'm - 

We denote by Om(b) the sheaf of sections of L n . If N is not a spin-manifold, then 
L does not exist but L 2 always exists yielding Oyiin) for even n. In particular, 
there is a canonical 3- form rf with coefficients in Cm (4), which plays a similar 
role for the twistor space as the holomorphic volume form r\ for the Calabi- 
Yau space. Since E, are spheres there are also canonical one forms 0? with 
coefficients in 0^(2). Thus the forms 

0° e H^Ei.OE.) 

and 

rf e H (M,O M )- 
If we apply directly twice the Grothendieck duality to the pairs 

(A, if) and (Ex x E 2 , tt? (0?) A 

as we did in Section 7.2 we can define the analogues of Grothendieck classes 

ju(A, 77 ) and M (£i x E 2 , ttJ (0?) A 7^(0?)) 

and Serre classes 

A(A,tt 1 ( ? 7 )|a), A(E 1 xE 2 ,<(0?)A 7 r 1 (0?)). 

Since 

Cmxm(~2, - 2)) ~ SImxm 

it is easy to see that 

A(A,^°) € Ext 2 OMXU (I A> MxM (-2,-2)). 
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and 



M(S X xE 2 , 7^(0°) A 7^(0°)) e&t 4 OM)<hI (O &xE21 0MxM(-2,-2)). 

In the same manner we can define the Grothcndieck /i((£j, 6*°) and Serre classes 
A(Ej, 6*?) of the pair (Si, 0°) and the definitions imply 

A(E is 0?)e Sxt^Is,, 0m(-2)) 

and 

^,0°) e Ext 2 OM (0^,0 M (-2)). 

By repeating the arguments from Proposition l51l we can see that the Grothendieck 
duality defines the following two non degenerate pairings: 

ExfoJO^Sllj x Ext 2 0u (nh 2 ,0 M (-4)) - C (104) 

and 

Ext 2 0u (0 Sl xS2 , xS2 ) x £x^ MxM (^ 2 Sl xS2 , Om( - 4, -4)) -> C. (105) 

Let 

A(E 1 ,0 1 )| S2 G S^CO^.n^) and A (A, 77°) | SlxSl G ^ M (0 SlXS2 ,Q| lxE3 ) 

be the restrictions of the Serre classes of the pairs (£i,0i) and (A, 71^(77°)^) 
on £ 2 . Then we can define the holomorphic linking of the pair (E^, 09) by using 
(|1U4|) and i|lU5|) in two different ways according to Theorems [321 an d E3 

i4t(Si,E 2 ) = (A(E 1 ,0°)| S2 , M (E 2 ,0 2 )) (106) 

and 

At(Ei,E a ) - (A(A, 7 7°)| S2 ,m(E 1 x E 2j 7rl(fl?) Att5(^)) . (107) 

Then one can prove that that formulas (|106|l and (|107|l are the same up to a 
constant with Atiyah's formulas for the linking of Eiand £ 2 expressed as the 
value of the Green function G(x,y) of the conformally invariant Laplacian □ 
on a self dual compact four manifold N of the rational curves Y> x and E y in N 
corresponding to x, y GN. 

We expect that the various forms of the holomorphic linking considered in 
this paper have appropriate analogues for the Atiyah linking number. The 
possibility of the path integral presentation has been noted by Gerasimov 
The analytic expression for the Atiyah linking number should coincide with the 
Penrose integral formula for the Green function of the Laplacian. Finally the 
geometric formula should have the following form similar to l|57|) : 

At(E 1) E a )= J2 Res *(4^V 2 ° 
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where rfl is a twisted holomorphic 3-form on M whose double residue is the 
1-form on Si. 

In order to relate the Atiyah holomorphic linking with ours, we will pick out 
a pair of marked points for each rational curve Sj in M. In the homogeneous 
coordinates {zq : z\), the marked points can be represented by linear functionals, 
say pi(z), p 2 (z) for Si and P3(z), P4(z) for S 2 . Then the meromorphic forms 
with simple poles at the marked points will have the forms 

8° 8° 
01 = . / . r and 8 2 = 2 

Suppose that the twistor space is a projective variety and there is a section of 
the canonical bundle on M that yields a hypersurface HcM that passes through 
the four marked points and M— H is an open CY manifold. Let i] be a meromor- 
phic form M with a singularities along the hypersurface H. Then we define the 
holomorphic linking of a rational curves with two marked points as discussed 
in Section 8.1. We conjecture that the Atiyah linking coincides with ours, 
namely, 

At(Si,S 2 ) = #((Si,0i),(S 2 ,0 2 )). 

We will illustrate this relation in the case of the twistor space of the four 
dimensional sphere S* 4 . In this case M=P 3 and its canonical bundle is isomorphic 
to Om(— 4). Thus i?°(M,f2jy[(4)) is one dimensional and its generator can be 
written in the projective coordinates as follows 

3 

rf := ^(-l) 4 Zidz A ... A dzi A ... A dz 3 . 

i=0 

Let us consider two non intersecting lines Si and S 2 in P 3 given by pairs of 
linear functionals 

h(z) = l 2 (z) = 

and 

h(z) = h(z) = 0. 

We denote by Si a hyperplane in M given by the equation li(z) = 0. We also 
consider 

n° 

8° ■= 
1- h{z)h{zY 

the meromorphic 3-form on M whose double residue is the 1-form rf( on Si. So 
we obtain 

ACS,.*)- £ £ re ,(-^LZiA). (108, 

On the other hand, we can compute the holomorphic linking of two noninter- 
secting lines Si and S 2 with two marked points also using the geometric formula. 
Let Pi(z) = 0, i = 1,2,2,4 defines four hyperplanes H^, which are in general 
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position and also intersect the hyperplanes denned by k(z) = 0, i = 1,2,3,4 
transversely. The pairs of marked points on Si and £2 are precisely their inter- 
section with the hyperplanes Hi,H 2 and H 3 , H 4 , respectively. We can consider 
M — {\jf =1 Hi} as an open CY manifold with a holomorphic form 



Pl(z)p2(z)p 3 (z)p 4 (z) 

We will also define a meromorphic 3- form on M — {uf =1 £/i} 



^0 



Pi(z)p 2 (z)h(z)l 2 (z) 

whose double residue is the 1-form 9\ on Ei. Then the geometric formula for 
the holomorphic linking yields 

#((£!, (£2,02)) = 



^ res = 

is the Atiyah holomorphic linking At (Hi, E2). 

We would like to conclude the discussion of the relation between the Atiyah 
holomorphic linking and the one arising from the complex CSW theory with 
a remark concerning the non abelian case. Atiyah noted in his paper that 
the conformal Laplacian has a natural covariant analogue for a unitary vector 
bundle E with a connection over X and if the connection is self-dual the E 
lifts to a holomorphic bundle E on M. In this case the Green function of the 
conformally invariant Laplacian can be expressed using a non abelian version 
of an Atiyah holomorphic linking. In this case, the Serre class of the diagonal 
A cMxM should be extended to endomorphisms of E and yields a non abelian 
version of the holomorphic linking of two rational curves in M. 

A variant of Atiyah construction for arbitrary pairs of nonintersecting curves 
in a CY manifold will also yield a non abelian generalization of the holomorphic 
linking studied in this paper. We conjecture that it can also be derived from 
the complex CSW theory with a gauge group GL(n, C) where n is the rank of 
E. 
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